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Let Xt be the one-dimensional Cauchy process. There are various character-
izations of Xt: it is the Lévy process with no drift, no Gaussian part and Lévy
measure π−1x−2dx; Xt is the symmetric 1-stable process; Xt can be constructed
as the Brownian motion subordinated by 1

2 -stable subordinator; (Xt) also de-
scribes visits of 2-dimensional Brownian motion on a line (more formally, it is
2-dimensional Brownian motion seen at the inverse local time of a line). The
transition density of the Cauchy process is given by the Cauchy distribution,

Px(Xt ∈ dy) =
1
π

t

t2 + (y − x)2
dy, ExeiξXt = eiξx−t|ξ|;

as usual, Px and Ex correspond to the process starting at x. I will present the
results of my recent work with Tadeusz Kulczycki, Jacek Ma lecki and Andrzej
Stós concerning the Cauchy process killed upon hitting (−∞, 0] .

Let p+
t (x, ·) be the density of the (sub-probabilistic) distribution of Xt start-

ing at x and killed when it hits (−∞, 0],

p+
t (x, y)dy = Px

(
Xt ∈ dy ; Xs > 0 for s ∈ [0, t]

)
.

Then p+
t (x, y) (x, y, t > 0) is the kernel of the semi-group of contraction op-

erators P+
t acting on an appropriate function space, e.g. the space C(R+) of

bounded continuous functions on (0,∞), or L2(R+).
The spectrum of P+

t on L2(R+) is continuous. I will show, however, that
for all λ > 0 there is a function ψλ ∈ C(R+) satisfying P+

t ψλ = e−λtψλ.
Furthermore, ψλ is given by an explicit formula,

ψλ(x) = sin(λx+ π
8 )−

√
2

2π

∫ ∞
0

t

1 + t2
exp

(
− 1
π

∫ ∞
0

log(t+ s)
1 + s2

ds

)
e−tλxdt.

These functions are used to define the integral transform

Πf(λ) =

√
2
π

∫ ∞
0

f(x)ψλ(x)dx.

This gives a spectral representation of P+
t , that is, Π is the unitary mapping

of L2(R+) into L2(R+) and ΠP+
t f(λ) = e−λtΠf(λ). A version of Plancherel’s

theorem and inversion formula also holds true for Π.
The picture is therefore very similar to that of the Brownian motion. For

the Brownian motion killed upon hitting (−∞, 0], the eigenfunctions are simply
sines sin(λx), and the corresponding integral transform is simply the Fourier
sine transform on (0,∞).
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The derivation of the explicit formula for ψλ uses the identification of the
spectral problem for P+

t and a two-dimensional spectral problem for the Laplace
operator with spectral parameter on the boundary, the so-called mixed Steklov
problem. This relation was shown recently by Bañuelos and Kulczycki [1]. A
closely related sloshing problem with semi-infinite dock has been solved in 1947
by Friedrichs and Lewy [4] (see also [5]), and their methods can be adapted to
our setting.

Applications of the above results include the explicit formula for p+
t (x, y).

To my knowledge, this is the first explicit formula for the transition density of a
killed stable process other than Brownian motion, and only two-sided estimates
of Chen, Kim and Song [3] were available (see also [2]). Also, the distribution
of the hitting time τ = inf{t ≥ 0 : Xt ≤ 0} is given by

Px(τ ∈ dt) =
1
π

x

t2 + x2
exp

(
1
π

∫ ∞
0

log( tx + s)
1 + s2

ds

)
dt.

This can be obtained either by integration of p+
t (x, y) or independently, by

solving a problem similar to mixed Steklov problem for ψλ.
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